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AN ALGORITHM PUR LFACT-OQUARES RATICNAL APPROXIMATIOR OF COMPLEX

LW T1oNG G Ti.: UNIT CIRCLE

Bo Jancsgcn

Abstract, An algeritha for raticnal approximation on the unit
circle will be piven. Sn iz diate aprlication is computation of

vecurgsive filtor: for use un n digital computer,

Let f(w) tc a given conmple .~-valued function defined for real
valucs of w, nnd lect

~-iw ~imw
.o + al e * e ¢ ab C
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Rn.n(u) = -lnu

-lw
bo + bl e + see ¢ bn (]

be a complex~valued rationel approximating function defined for real

valucs of w. The scts A = {ao. Rys see s nm} and B = {bo. bys eee s bn}

are recal parencters of Rm n(w). In the formulas below e, and bi are

assuned to bec cqual to zero if they do not belong to A or B, i.e. if
their subscripts are outside the intervals 0 - m or 0 - n respectively,

We will always nssumc that m > n.

2. Least~-squares approximation

We want to determine the parameters Bys Ops eee p By end
bo..bl. see g bn such that
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rttaieg o rinine. (agsuning it existu)e The "linear® approach of taking

the partial derivatives with =copect to all the paramcters is not
fengible, o6 it will result in a system of non=lincar equations which
is hard to solve, W. will avoid this difficulty Ly using an algorithn

giver ty the nuther (Jansson, 1965).

3¢ The: nlpcrith,

Following tl.: nlporithm mentioned in the last paragraph we start
by adding 2 rcal ccnstant h to f{w), thus having g(w) = f(w) + h,
Let B = {1, 0, vee , Oy +vs , O} and consider L,(g - R) as a function
of 85, 8,4 «ee s % only. We cnn ninimize L2(g -~ R) by minimizing
La(g - R)a. and this makes the analysis simpler. It may be shown thet
a unique minimum cxists, Furthermore, it is clear that L2(g = R) does
not Lave a maximum value, for we can place R(w) es far avey from f(x)
a8 we plecase, Since L2(g - R)2 is a differentieble function of
Bgs Oy9 eee s 8, the ninimun must occur where all of the partial

derivatives

) L2(g - R

I oy

' kzl. 2’ see ¢ D (3)

Are zcro.

Fron the fact that L2(g - R) is a strictly convex function of
Bgs By eee p B it follows that there is only one set of parameters
for which all of the partial der.vatives are zero,

We have

I=|glw) - Rm,n(w)la -

= la(@]? ¢ i, (@)]? - Refalo) B, (W)}, (b)
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Re{g(w) Rm.n(w)} =

= Eie{g(w)} Re{P_(w) anw” -

-1 {olo)} In {Ryl) A /Ig ()2
We have that

inw i(nel)w

Pm(w) anws = a, bn e +a, bn-l e + .00 ¢
-iw

+(ao bo+a1 bl+... + anbn)-'r(al by * 85 bl e ta L, bn) e +

-1imw
+ e "'a-mboe . (5)

It is now easy to compute the partial derivatives

31 . 2|;'il (u]“ + a.k_) cos j w =
3 8, 3 w0 J J
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Cetting all the partial derivatives cqual to tcro and substituting

into (3) we get the matrix equation

0 R
MA e A = (:A (T)

My is u m x n Tocplitz matrix, Ao is tle column vector
("0' By see o wm)T. and GAi n colunn vector, Lct us vwrite out the

clements of MA and GA

c'8 |ia=jluw

5 d w
5 |Qn(”)|

en
m
Gy = I [%c{g(w)} .2 bj+i cos j w e
0 J-.n

m
- Im {g(w)} ] bj+i sin j é} o |Qn(m)|-2 dw (8)

jon

To solve for A wc just have to compute

which is very casy since M is a Toeplitz matrix that can be inverted
in cm2 opcrotions, Herc ¢ is a constant and m is the number of rows
and columns, An ulporithm for this purposc has been given by
Robinson (1963).

We have now done the first step and computed a trial solution Ao.
Let us in the next step compute a trial solution Bl. We will do this by

nmininizing
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lct us write
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I =
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Rm.n(B) elw)
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2 (&
€ fw P (0]~ elw)
2, \ Oplw) ° 2 2, \ %(w)
= {2%(w) W - |e(w)|© = 2Re{g"(w) W - glw)} (10)

The parameters B cnter linearly in the expression above so that we

may take thc partial derivatives and solve for Bl Just as we solved

for Ao .

Agein we pet a matrix equation

a1
My B = Gy (11)

vhere MB is o Tocplitz nmotrix and GB is a column vector. We solve for

Bl by computing

The elements of MB and GB may bc written

g?(w)ﬁcos li - 3] w a
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Wce heve now completod one iteration of the algorithm and we just have

8+l 3+1 ctc until we are

to centinue to deternine A% and Bs, i and L
closc enough to th: point in the parancter space AUB where the
minimum (if it cxis.s) is located. We have then computed a sufficiently

good approximation Fg n(w) .0 g(w), Obviously
’

PE(u) - b Q(w) ] P;(“’) (13)
Qg(w) Qg(u)

f ?
Rm,n(w) = R;’n(u) -hs=

is an cqually rood opproximetion to f(w).
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